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_ Abstract 

' We study the regularity properties of the HausdorfT distance between spectra of contin- 

uous Harper-hke operators. As a special case we obtain Holder continuity of this Hausdorff 
■ distance with respect to the intensity of the magnetic field for a large class of magnetic elliptic 

O^l , (pseudo)differential operators with long range magnetic fields. 



1 Introduction 

» 

Analytic perturbation theory tells us that if V is relatively bounded to Hq, then the spectrum of 
H\ = i^o + is at a Hausdorff distance of order |A| from the spectrum of Hq. This property 
is not true for singular perturbations (like for example the magnetic perturbation coming from a 
constant field), neither in the discrete nor in the continuous case. 
, Maybe the first proof of spectral stability of discrete Harper operators with respect to the 

■ variation of the intensity 6 > of the external magnetic field is due to Elliott [9]. The result is 
, refined in [7] where it is shown that the gap boundaries are i-Holder continuous in b. Later results 

l/-^ • by Avron, van Mouche and Simon [i] , Helffer and Sjostrand [131 [Tl] , and Haagerup and R0rdam 

, [TT] pushed the exponent up to ^. In fact they prove more, they show that the Hausdorff distance 

■ between spectra behaves like \b — bo\^ ■ These results are optimal in the sense that the Holder 
CN ■ constant is independent of the length of the eventual gaps, and it is known that these gaps can 

close down precisely like |6 — 6o|2 near rational values of bo [14l[T2]. Note that Nenciu [27] proves 
a similar result for a much larger class of discrete Harper-like operators. Many other spectral 
properties of Harper operators can be found in a paper by Herrmann and Janssen |15) . 

In the continuous case, the stability of gaps for Schrodinger operators was first shown by Avron 
' and Simon [3], and Nenciu [55]. In [TB] a very general result is obtained for perturbations of the 

anisotropic Laplacean. In [5] spectral continuity is proven for a large class of Hamiltonians defined 
by elliptic symbols. Nenciu's result implicitly gives a ^-Holder continuity in b for the Hausdorff 
distance between spectra. Then in [5] the Holder exponent of gap edges was pushed up to |. 

The first proof of Lipschitz continuity of gap edges for discrete Harper-like operators was given 
by Bellissard [S] (later on Kotani [TO] extended his method to more general regular lattices and 
dimensions larger than two). Very recently a completely different proof was given in [5]. 

Our main technical result in this paper is Theorem II. 1[ extending a previous result of Nenciu 
[27] and asserting Holder continuity of a specific order for a class of bounded self-adjoint operators 
having a locally integrable integral kernel satisfying a weighted Schur-Holmgren estimate (|l.ip . 
This result, combined with the magnetic quantization [SO] [22l [21] and the associated magnetic 
pseudodifferential calculus developped in [52| [TTl [TSJ [^T] , allow us to we prove Theorem 13 . 1 1 stating 
Holder continuity of order 1/2 of the spectrum of resolvents associated to a large class of elliptic 
Hamiltonians in a BC^ magnetic field, with respect to the intensity of the magnetic field. The 
case of unbounded operators will be considered elsewhere. 
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1.1 The setting and the main result 

Consider the Hilbert space L'^(R'^) with d > 2. Let (x) := -^1 + |xp and let a > 0. Wc consider 
bounded integral operators T e B{L^{M.'^)) to which we can associate a locally integrable kernel 
T(x, x') which is continuous outside the diagonal and obeys the following weighted Schur-Holmgren 
estimate: 

||r||i,„ := rnaxi sup / |r(x,x')|(x - x')"dx, sup / |T(x, x')|(x - x')"dx' I < oo. (1.1) 

Let us denote the set of all these operators with Ci^a- When a = 0, we need to introduce a 
uniformity condition. Let x be the characteristic function of the interval [0, 1] and define 

M''xM''9(x,x')h-^Xm(x,x'):=x(|x-x'|/M), M>1. (L2) 

If T G Cifi we denote by Tm the operator given by the integral kernel xm(x, x')T(x, x'). Then 
we define Cunif to be the subset of Ci,o consisting of operators obeying the estimate 

lim ||T-Tm||i,o =0. (L3) 

M—yoo 

Note that if we only consider kernels T(x, x') which arc dominated by functions of x — x', then 

Cunif = Cifi. 

For T € Ci^Q,, we are interested in a family of Harper-like operators {Tftj^gR given by kernels 
of the form e^b^pi^'^ ^T(x, x') with (yj : R'' x M'' i— )■ M a continuous phase function satisfying the two 
properties: 

^(x,x') = -¥'(x',x) and |v3(x,y) + V5(y,x') - V5(x,x')| < |x - y| |y - x'|. (1.4) 

Clearly, {Tb}beR C Ci,^. 

The Hausdorff distance between two real compact sets A and B is defined as: 

dH{A,B) := max< sup inf \x — y\, sup inf |a; — j/| > . (1.5) 

And here is our main technical result: 

Theorem 1.1. Let H be self-adjoint and consider a family of Harper-like operators {fff,}(,gR as 
above. Then the map 

R 9 6 H- dH{(T{Hb), a{H)) e K+ 

is continuous if H G Cunif- Moreover, if H G Ci^a with a > 0, then the above map is Holder 
continuous with exponent j3 := min{l/2, a/2}. More precisely, for all bo we can find a constant 
C > such that: 

dH{aiHbo+s),a{Hbo))<C\Sf. (1.6) 



Remark 1. Denoting by 5 = b—bo, then according to our notations we have that Ht = {Hbg)g. 
It means that it is enough to prove the theorem at 6o = 0. 

Remark 2. It is natural to ask if the condition H G Ci,a is optimal in order to insure a Holder 
continuity of order min{l/2, a/2}; we believe in any case that if a becomes smaller and smaller, 
one cannot expect the Holder coefficient to remain 1/2. Similarly, if a = it is unlikely to expect 
more than continuity of the Hausdorff distance. 
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2 Proof of Theorem 11.11 

Let g e C^{W^) with < g < 1, .g(x) = 1 if |x| < 1/2 and ^(x) = if |x| > 2. If y e W^, 
denote by 5y(x) — ^(x — y). By standard arguments, we may assume that ^^^-^d gi^i'x) = 1 for 
all X S W'-. For each there is a finite number of neighbors whose supports are not disjoint from 
supp((7^), uniformly in 7. 

Denote by ijy f,(x) :— gy{b^/^x.) — g{b^/^x — y). In this way we constructed a locally finite, 
quadratic partition of unity obeying 

5^4,,(x) = l, xGR^ (2.1) 

and if Vy^b denotes the set of functions g^'^t whose supports are not disjoint from the support of 
g^^b, then sup^g^ti #{^7,b} is independent of b. Moreover, if x-y.b is the characteristic function of 
the support of g-y^b we have: 

supp(5-,,b) C {x e K'' : |x - 6^^/271 < 26^^/2}, (2.2) 
|5^^,(x) - g,^b{y)\ < II |Vg| ||^ b'^^\x - y^ {x,A^) + X^Ay)}, < e < 1. (2.3) 

Lemma 2.1. Let {T-yj^g^d C B{L'^{R'^)) possibly depending on b such that 

|||T|||oo := sup IIT^II < 00. (2.4) 

Define on compactly supported functions the maps 

^ ^ r(r)(V;) := Ty x^,b^, f (T)(V') J] XjM \Ty Xf,b^\ ■ 

Then both T(T) and T{T) can be extended by continuity to bounded maps on L2(M'^) and the re 
exists a constant C independent of b such that max{||r(r)||, ||r(T)||} < C |||T|||oo- 

Proof. Let if) e iJ^iW'') with compact support. We have: 

l|r(r)(i/;)|p < ^ ^ \{X',\bTy> Xi\bil>,Xi,bT^Xi,bip)\ 

- XI XI 11^7' X7':bV'll 117^7 X7,&V'II 
7gZ'' 7'eK,,6 

<^y^E E (IIX7'.;<V'|P + l|X7,^<V'lP)<C|||T|||^||V^|P, (2.5) 

7ez<' 7'e^-,.i. 

where in the last inequality we used: 

" ~ ~ X-y',b{^))dx<CM\' 



E E \\xY,n'= I i^(x)i4e E 

7ez''7'ev'-,,b [7ez<'7'6^'i,i 



The same proof also works for f (T) since the linearity is not used. Note that 

||f(T)(V'i)-f(r)(^2)||<||f(T)(V'i-^2)|| 

which is enough for proving continuity. □ 
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Lemma 2.2. Let A be a positivity preserving bounded linear operator and define on compactly 
supported functions ^ the following positively homogeneous map: 

rA(r)(V') := ^ xiM A x7,fcV'l • 

7GZ'' 

Then Ta(T) can be extended by continuity to a bounded map on the whole space and ||ryi(T)|| < 
Cll^ll lllT^llloo. 

Proof. We note that: 

due to the positivity preserving of A. Thus boundedness imphes continuity. But the proof of 
Lemma l2.1l can be repeated almost identically, and the proof is over. □ 



2.1 The case a > 

If z e p{H), denote by R{z) = (H — z)^^ . We construct the operators 

Then |||T(z)|||oo < l/dist(z, cr(i7)). Introduce the notation 

/?(x, y, x') := (y3(x, y) + (p(y, x') - (y5(x, x'). 

The operator T{T{z)) is bounded (see Lemma [2.ip . If Id denotes the identity operator, we can 
compute (use (12.11) ): 

{Ht,-z)T{T{z))=lA + S{z) (2.6) 

where 

(5(z)V)(x) 

:= y e'b^^''''''""-^^ I dx'ff(x,x') \^bfi{^,^'.b-h^) _ ilg^^(x') |i?(z)5^ f,e-*''^(-^^"'^VA (x) 
7a- ^R'' I J ' I ' J 

+ E e^'^^^-''"''^) / dx'i7(x, x') {5^,,(x') - g,.b(x)} (i?(z)g^.,e-""^(-'^"*^)v| (x) 

7ez- -^K' ^ J 

=: (5i(z)V)(x) + (52(z)V')(x). (2.7) 

Let us analyze the contribution of the first term (S'i(z)7/')(x). Using the inequality (see also (jl.4p ) 

„»b/i(x,x',f,-^7) _ 



< 2^-'6'|x-x'nx'- 6-3^1% 0<e<l, 



we have: 

|5i(z)^(x)| 



<2'-%^ ( dx'|i/(x,x')| Ix-x'r 57,6(x') |x'-6-i/^7r R{z)9^, 



(2.8) 
(x). 
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With the notation := g^^b{-)\ ■ —b R{z)gj,i,e "^^vi-fi 7) ggg ^.j-^g^^ ^-j^g above inequahty 



can be written as: 



|5i(z)V'(x)| < 2i-^&^ / dx'|H(x,x')| |x-x'rff(L)V'|(x')- 

Using the fact that on the support of g^^h we have |x' — 6^^/^7| < 2&~^/^ it foUows that 1 1 |i| | |oo < 
C6-^/2||i?(z)||, thus: 



\Si{z)\\<C — 



Infill,.- 



dist(z, o-(i?)) 

Let us analyze the contribution from S2{z). Using \2.Z\ we can write 

\s2{zm^) 

<Cb''^Yl I rfx'|i/(x,x')| |x-x'r{x7,6(x)+X7.fc(x')} R{z)9' 



(2.9) 

(2.10) 
(x') 



<Cfe^/2 ^ X7.bW / dx'|i/(x,x')| |x-x'r |i?(z)g^,,e- 
+ Cb'/^ J ^d^'\H{^,^')\ |x-xf ^ X7,b(x') |-R(497,be" 



(x') 
(x'). 



Now denoting with A the operator with integral kernel |iJ(x, x')| |x — x'j*^ and with 
R{z)g^^be-'^v{-,b-''^i) we obtain |S'2(z)V| < C {f a(L)(V') + Af(L)(V)} thus 



1152(^)11 <C 



dist(z,CT(i?)) 



Going back to p.6p we obtain the estimate: 



l|5(z)||<C- 



dist(z,a(iJ)) 



l^lli. 



\H\\i,^ 



(2.11) 



(2.12) 



Now choose < e = minja, 1}. It follows that ||5'(z)|| < 1/2 for every z with dist(z, cr(7J)) > 
2C 6*^/21 1 1 j^^^^ and by a standard argument it follows from (|2.6p that z e p{Hii). Thus for every 
X e cr(iJ6) we must have d\si{x,a{H)) < 2C b''/'^\\H\\i,^, thus 

sup inf < 2C 6-""W2.i/2}||^||^_^^^.^^^_^^, 

Now we can interchange Hb with H because 



il(x,x') = e-*'"^(^^^') |e'^'^(^^^')i?(x,x')} = e-'^'^(^^^')i76(x, x') 



and the || • ||i^q. norms are invariant with respect to the multiplication with a unimodular phase. 
Hence the Theorem is proved in the case a > 0. 



2.2 The case a = 

Due to our uniformity condition in (II. 3p we can approximate Hb in operator norm {uniformly in 
h) with a sequence of operators {Hb)M which have strong localization near their diagonal. More 
precisely, given e > there exists M — M{e) large enough such that \\Hb — {Hb)M\\ < e/3 for 
every 6 G K. If d{z, a{Hb)) > e/3, then by writing 

(iJb)Af - z = [Id - (Hb - {Hb)M){Hb - z)-\Hb - z) 
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it follows that z ^ a{{Hi,)M). It means that for every x E (t{{Hi,)m) we must have d{x, (j{Hi,)) < 
e/3. By reversing the roles of Hb and {Hb)M we conclude that dH{(j{Hi,),a{{Hi,)Mj) < e/3, 
uniformly in 6 > 0. But now both {Hb)M and Hm have strong localization near the diagonal, thus 
we can apply the result from a > 0, obtaining a 6(e) > such that for every |&| < 6(e) we have 
dn {(j{Hm) , o'iiHt,) m)) < e/3. The proof is finished by the triangle inequality. □ 



3 Magnetic Hamiltonians 



Let us consider in R'* a magnetic field B with components of class BC°°{M.'^), i.e. bounded, smooth 
and with all its derivatives bounded. Consider a Hamiltonian given by a real elliptic symbol h of 
class S'J"(R'' X R'^) with m > 0, i.e. h e C^|(R'' x R"*) verifying the estimates: 



V(a,a) e N'' X N'', 3C(a,a) G 



sup 



|ck| — r 



\{d^,d^h) {x,0\<C{a,a), 



3{R,C) e 



\^\>R^h{x,0>C\^r, Vxe 



For our magnetic field B we can choose a vector potential A having components of class C'^|(R''); 
this can always be achieved by working with the transverse gauge: 



Aj{x) :-- 



d „i 

y2 / ds Bjk{sx)sxk- 



Let us denote by Dp'^{h) the magnetic quantization of h defined as in [22]. Then, this operator 
is self-adjoint on the magnetic Sobolev space iJ™(R'') and essentially self-adjoint on the space of 
Schwartz test functions (see Definition 4.2 and Theorem 5.1 in pjTj). Moreover this operator is 
lower semibounded and satsfies a Carding type inequality (Theorem 5.3 in [17 ). Thus for any 
3 G C \ [— floi +oo), with ao > large enough, we have that the following inverse exist 



and is defined by a symbol of class Si 



(see Proposition 6.5 in [18]). But using 



now Lemma A. 4 in [23] and the fact that evidently S"^ 



^) C 5" 



^■,BCuiR'^)) with 



S""(R'';SC„(R'')) as in Definition A.3 of [l^, (or Proposition 1.3.3 of [T]), we conclude that 
the symbol has a partial Fourier transform (with respect to the second variable) of class 
(R"*; i?C„(R'')) . In fact looking closer to the proof of Lemma A. 4 in [33] allows us to conclude 
(see also Proposition 1.3.6. in [T]) that the partial Fourier transform [''^] y) ha-s rapid decay 
in the second variable. Now, using formulas 3.28 and 3.29 in [22], we conclude that Dp'^ (r^) is 
an integral operator with kernel 



i^^(^f)(x,y) 



with 



In conclusion: 



A'^(x,y) :=exp 



(x,y) 



-,x-y 



K^(rf )(x, y) = exp |-z £ ^} { [l ^,-'] rf } x - 

Let us also notice that if we denote by < 0, x, y > the triangle of vertices 0, x, y, we have that 





















<|li3|U|x-y| |x'-y|. 


J X 


Jy Jx 




<x,y,x'> 
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with |li?||oc> := maxsup |Sj.A;(x)|. 

Let us conclude that for any such magnetic field and elliptic symbol h, the resolvent R = 
(^Dp^{h) + a) is a bounded self-adjoint operator having a locally integrable integral kernel of 
the form e*'^«(^'^')rB(x, x') with 

(Pb(x,x') / A, rB(x,x') [S'^l ^ :F-')r^]{^,^'). 

J X 

Now let us consider a magnetic field Bq with components of class BC°°{M.'^) and a small 
variation of it, in the same class, i?f,(x) := -Bo(x) + 6b(x) with b G [0, 1]. Given an elliptic symbol 
h as before we now have two Hamiltonians H := £)p^"{h) and H' Dp"^(ft.), with Aq a vector 
potential for Bq and A a vector potential fos B. We can write A{x) = Ao{x.) + &o(x) with a a 
vector potential for b. Then we have the following result: 

Theorem 3.1. For h, Bq and Bt, as above, consider H = Dp"^"{h) and H' — Dp^lK). For a > 
large enough we define the two associated resolvents as above: 

R:={H + a)-^ = Dp^°{r^l), with integral kernel: e^'i^^ ^"1 [S-\l ® J'2^)r^l] (x,x'), 

R' := {H' + a)-^ = Dp^°(r^;^), with integral kernel: e^'\.^^ ^] [S^^il® F2^)r'^^]{x,y^). 

Then there exists a constant C only depending on the symbol h and on the magnetic field Bq such 
that we have the following estimate: 

dH{<T{R),a{R')) < CVb. 

Proof Let us remark that the kernels S'-i(l ® J'2^)'''^°a and 5-^(1 (g) J^2^)''^-a are the integral 
kernels of the operators given by the usual quantization (without magnetic field) Dp of the symbols 
T^a and resp. r^^. 

Proposition 3.2. Being symbols of negative order, both r^'^ and r^^ define bounded operators on 
i2(Rd) and we have that ||Dp(rf°) - Dp(rf^J|li,o < Cb. 

Proof. Using the ideas and results in [22 we shall use the magnetic Moyal composition (j^ defined 
by the quantization associated to the field B. Let us compute (as tempered distributions): 

{h + a)fr^l -l = ih + a)fr^l - (h + a)f^^r^l =: st^- 

Due to the general theory developped in [T71[TS] s'La is defined by a symbol of class S']'(K'^ x K*^) 
that can be computed by the following oscillating integral: 

[{h + a)fr^"^ - 1] (x, = (27r)"2'^ ^ ^ dydr^dx'dC 

^g-2,:«x',r,>-<y,c»[^i3(x,y-x,x'-x)-a;-^«(x,y-x,x'-x)](/t + a)(x-y,e-?y)r^"Jx-x',e-C) 
= ib{2TT)-^'^ dydrjdx'dC e^^'^""' ^">-<y-i>^u}^° (x, y - x, x' - x)0b(x, y - x, x' - x) 

x(ft + a)(x-y,^-77)rf^(x-x',e-C), 

where 

0f,(x, y — X, X' — X) = e~*^^<x+y-x'.x+x'-y.x-y-jc'> — 1 

is a function of class BC°°(R'^; C^^{R.'^ x R'')) and we have the following estimates for its deriva- 
tives: 

|(a£ap^,0,)(x,y - x,x' - x)| < C^.^.^fei+l^+^+nyll^llx'!!^!. 
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Now using Proposition 8.45 in [TH] we conclude that {h+a)\^^r^°^ — l is a symbol of type S'°(R'^xR'') 
with seminorms of order at least b and using Remark 3.3 in [I?' we conclude that it defines a 
bounded operator with norm of order b. Thus for b small enough we can invert 1 + s'^_^ and obtain 
that (using once again Proposition 8.45 in [T5] and the Calderon-Vaillancourt Theorem [TU] ) 

- rV {1 + s\]-^ , r\ - r^_l = -r?J^/., 
\\Dpir^l)~Opir^,)h,o<Cb. 

□ 

Now we shall consider the bounded self-adjoint operators Rb with the kernel e ' ^■^^ '^l [S*^^ (1® 
J^2^^)rf °] (x, x'). Due to the above Proposition, by replacing R' with Rb we make an error of order 
b in operator norm on L'^{M.'^). Now we see that Rb is a Harper- type family, for which we can apply 
the results of Section 2. Here, R = Rq. We note that the integral kernels of Rb have a common 
factor independent of 6 which is of class Ci^a for any a > 0. Moreover, the integral kernels of Rb 

only differ by a unimodular exponential factor e^'"^^^'^ where (^(x,x') ■= ^ a satisfies (|1.4I) . 

Therefore Theorem 11.11 implies that dH{cr{Rb), a{R)) < C Vb, and since dH{o'{Rb), o-{R')) < 
C b it follows that 

dHia{R'),aiR)) <C Vb, (3.1) 
which finishes the proof of the theorem. □ 
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